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Abstract

New proofs, shorter than previous ones, of three theorems from approximation theory are

given. The Schwarz’s lemma is a key tool.
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1. Introduction

In this paper, we will give new proofs of three theorems from approximation
theory. All the theorems are well known and proven long ago. The proofs presented
here, however, are shorter than previous ones and use a common approach.

Let K be a compact subset of the complex plane. Further, let fACðKÞ; the set of
all continuous complex-valued functions on K with the supremum norm. It is well
known that the degree of approximation of f in CðKÞ by polynomials of degree pN

satisfies the following formula:

ENð f ;KÞ ¼ sup
m

Z
K

f ðzÞ dmðzÞ
����

����: ð1Þ
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The supremum is taken over all complex Borel measures m on K of total variation 1
satisfyingZ

K

zk dmðzÞ ¼ 0; k ¼ 0; 1;y;N: ð2Þ

It is a necessary condition for the numbers ENð f ;KÞ to tend to zero as N tends to
infinity, that f is holomorphic in the interior of K : We will study functions f

holomorphic in a set containing K :
In the rest of this paper, U will denote the open unit disc in the complex plane and

U its closure.

2. Proofs

For earlier proofs of the theorems in this section, see [2].

Theorem 1. Let f be holomorphic in rU ; r41; and bounded by M in modulus. Let N

be a natural number. Then

ENð f ;UÞp M

rNþ1
:

Proof (New). Take a m as in (1). It is sufficient to show thatZ
U

f ðzÞ dmðzÞ
����

����p M

rNþ1
: ð3Þ

Define g by

gðzÞ ¼
Z

U

f ðzzÞ dmðzÞ; zArU :

Obviously, jgðzÞjpM; and it is easy to show that g is holomorphic. If we insert zz

into the power series expansion of f around 0 we get

f ðzzÞ ¼
XN
k¼0

ckz
kzk:

The series converges uniformly for zAU and jzj small. Term-by-term integration
with respect to z and m together with (2) shows that g has a zero of order XN þ 1 at

z ¼ 0: Since
R

U
f ðzÞ dmðzÞ ¼ gð1Þ; it is sufficient to estimate g: But this can be done

with an extended version of the Schwarz’s lemma, in which the function has a

multiple zero at the origin. We have jgð1ÞjpM=rNþ1; and (3) follows. &

It is easy to extend the proof to polydiscs:
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Theorem 2. Let KCCn be compact and have the property that xAU ) xKCKo; the

interior of K : Let f be holomorphic in rKo; r41; and bounded by M in modulus. Then

ENð f ;KÞp M

rNþ1
:

Proof (New). First we observe that K ¼ rr�1KCrKo and that the origin in Cn; 0;
belongs to rKo:

Let m be a Borel measure on K of total variation 1 which is such that the integrals
of polynomials of degree pN vanish. For zArU define

gðzÞ ¼
Z

K

f ðzzÞdmðzÞ ¼
Z

K

f ðzz1; zz2;y; zznÞ dmðz1; z2;y; znÞ:

The integrand is defined since

jzjor ) zz ¼ rðz=rÞzArUKCrKo:

It is easy to show that g is holomorphic and that jgðzÞjpM: If we insert
zz1; zz2;y; zzn into the power series expansion of f around 0; we get

f ðzzÞ ¼
X
kANn

ckz
jkjzk;

where k ¼ ðk1; k2;y; knÞ are multiindices, zk ¼
Qn

i¼1 zki

i and jkj ¼
Pn

i¼1ki: The series

converges absolutely and uniformly for zAK and jzj small. Term-by-term integration

together with the fact that
R

K
zk dmðzÞ ¼ 0 if jkjpN shows that g has a zero of order

at least N þ 1 at z ¼ 0: NowZ
K

f ðzÞ dmðzÞ
����

���� ¼ jgð1Þjp M

rNþ1

by the Schwarz’s lemma. &

The last theorem was first proved by Babenko [1]. Here a derivative of f is
bounded. See also [2, p. 126; 3].

Theorem 3. Let f be holomorphic in rU ; r41; and let the derivative of order p of f be

bounded by M in modulus. If N is a natural number Xp � 1; we have

ENð f ;UÞp Mrp�N�1Qp�1
n¼0 ðN þ 1� nÞ

:

Proof (New). Take a m and define g as in the first proof. Again, g has a zero of order
at least N þ 1 at z ¼ 0: We have

gðpÞðzÞ ¼
Z

U

zpf ðpÞðzzÞ dmðzÞ:
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Obviously, gðpÞ is bounded by M in modulus and has a zero of order at least N þ
1� p at z ¼ 0: Hence

jgðpÞðtÞjpM
t

r

� �Nþ1�p

; 0ptp1

by the Schwarz’s lemma. If we integrate this relation p times and use the fact that

gðnÞð0Þ ¼ 0; n ¼ 0; 1;y; p � 1; we will find that jgð1Þj ¼ j
R

U
f ðzÞ dmðzÞj does not

exceed the right-hand side of the inequality in the theorem. &

References

[1] K.I. Babenko, On the best approximation of a class of analytic functions, Izv. Ross. Akad. Nauk. Ser.

Mat. 22 (1958) 631–640.

[2] G.G. Lorentz, Approximation of Functions, Holt, Rinehart and Winston, New York, 1966.

[3] J.T. Scheick, Polynomial approximation of functions analytic in a disc, Proc. AMS 17 (1966)

1238–1243.

ARTICLE IN PRESS
I. Mellander / Journal of Approximation Theory 126 (2004) 36–39 39


	Short proofs of some theorems in approximation theory
	Introduction
	Proofs
	References


